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CALCULATIONS c. 


NEVIL MASKELYNE, D. D. F. R. 8. 


AND ASTRONOMER ROYAL. 


Royal Military Acad. 


DEAR SIR, Sept. 21, 1779. 


S the experiment of determining the univerſal at- 
traction of matter, which you lately conducted 
with ſo much accuracy and ſucceſs, is of ſo great im- 
portance and curioſity, that it may probably be here- 
after repeated by the learned in other countries, and in 
other ſituations and as the utmoſt preciſion is deſirable 
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4 Doctor nurrod's Determination of the + 
—_ in ſo nice an experiment; 1 have compoſed the incloſed' 
* paper to determine the beſt part of a hill for making 
the obſervations, ſo as to obtain the greateſt quantity of 
attraction. . 

I have no doubt, Sir, that the determination of this 
point will appear of ſome-conſequence in the opinion of 
one who has the improvement of uſeful knowledge ſo 
8 much at heart; and if the manner in which it is here 
| made, meet your approbation, I ſhall defire the favour 

"33 * _ of your preſenting it to the Royal Society. p 


I have the honour to be, &c. 
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The great ſucceſs of the experiment, lately made: 
by _ Royal Society, on the hill Schehallien, to deter- 
mine the univerſal attraction of matter, and the i im- 
portant conſequences that have reſulted from it, may 
probably give occaſion to other experiments of the ſame 
kind to be made elſewhere: and as all poſſible means 
of accuracy and facility are to be deſired in ſo delicate 
and laborious an undertaking; it has occurred to me 
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that it might not be unuſeful to add, by way of ſup- 
plement to my paper of calculations relative to the a- 
bove-mentioned experiment, an inveſtigation of the 
height above the bottom of a hill, at which its horizon- 
tal attraction ſhall be the greateſt; ſince that is the height 
at which commonly the obſervations. ought to be made, 
and ſince this beſt point of obſervation has never been 
any where determined that I know of, but has been va- 
riquſly ſpoken of or gueſſed at, it being ſometimes ac- 

counted at 3, and ſometimes at : of the height of the 
hill ; whereas from theſe inveſtigations it is found to 
be generally at about only + of the altitude from the 
bottom. 

2. Let ABCEDA be part of a cuneus of matter, its 
ſides or faces being the two fimilar right-angled trian- 
gles ABC, ADE meeting in the point a, and forming the 
indefinitely ſmall angle BAD. Then of any ſection 

4 beed, 


bced, perpendicular to the planes ABD 
and ADE, the attraction on a body at 
A in the direction AB, 1s equal to the 
conſtant quantity ss5; where s = ſin. 


<BAC and 5s = ſin. BAD, to the ra- 
dius 1. 

For, firſt, ſince the magnitude of the flowing ſec- 
tion is every where as A6“, and the attraction of the 


particles of matter inverſely as the ſame, or as ; 


therefore their product or 15 


is as the force of attraction of bced. 

Then to find what that quantity is. Put AB = @, and 
BC=x; then BD or CE (the diſtance between the two 
planes at the diſtance AB) is = as. Now the force of a 


or I (a conſtant quantity) 


particle in the line cE is as in the direction ac, and 


AC 
. . B . * . 

therefore it 1s as == in the direction AB; conſequently 
the force of the whole lineola cx in the direction AB 
® AB . CE . | 
is =; and therefore the fluxion of the force of the 

. — AB. CE . aca. x 415 
ſection BCED or F is = =. Be = ==; = = 3 
| J AC? a* + x2 a + a(t * 
| | "-BO 
and the fluent gives f = x -< = 5s for the 
g_ PE AC 


attraction itſelf. 
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Place of greateſt Attraction. 7 
3. To find now the attraction of the whole right- 


angled cuneus on a body at à in the direction ap.— 


Since the force of each ſection is ss by the laſt article, 


therefore the force of all the ſections, the number of 


BC 


them being AB or a, is as g. AB. Ic the force of the 


whole cuneus ABCEDA. 
4. To find the attraction of the rect- 


A B 

angular part ABCD on A 1n the direction 
aB; ABCD being one fide of the cune- 

D e us, and AD its edge, —Put Ap g BC =b, 


and ABZ. Then, the force of any ſection as Bc being 


Ts as 89 by Art. 2, the fluxion of the force or F 


BC ; þ 355 
r = SX R = = ——3; and the 
will be = AC P Wa. NPs" 
x+ VB +a 2 | 
fluent is f = bs x 11 25 log. of — = J. BC x hyp. log. 


WERE = the attraction of ABCD. 


5. To find the attraction of the 
right-angled part Bcp of a cuncus 
whoſe edge paſſes through a the 
D FE B place of the body attracted. Put 


nei, dee, bee, e. 


and DP =x. Then, the force of any ſection d being 


{till as'ss, the fluxion of the force of the part p is f 


P bias 
= SN = J x N = — - and the correct fluent 


AQ FV yg yaa” * 
when 


* 
an, be. | 
wv dy 1 


1 
2 | 


< 


8 Docton Hur rox's. Deter minution of” the 


ee + F + de 
a + ac 


ww * c is f = x 9 — d — = x hyp. log. 


= the force of a 1 at a in the direction AB. 

6. To find the attraction of the 
right-angled part op on the point ; 
A Uſing here again the ſame 
notation as in the laſt article; we have 


by . 0 b o c 
FS SαHα =5X x I = —=— — The correct fluent 
| AQ | Mfa*—2c dx Tc 


of which, when x = c, is 


4 | Fx Sx g = 4 + 2 * hyp. log. — 
3 | 7. To apply now theſe premiſes to the finding of the 
1 | place where the attraction of a hill is greateſt, it will. 
| ; | be neceſſary to. ſuppoſe the hill to have ſome certain fi- 
7F gure. That poſition is moſt convenient for obſerving 
7 the attraction, in which the hill is moſt extended in the 
| eaſt and welt direction. Suppoling then ſuch a poſition. 
3: of a hill, and that it is alſo. of a uniform height and 
q q meridional ſection. throughout ; the point of obſerva- 
| ' tion muſt evidently be equally diſtant from the two ends. | 
| | But inſtead of being only conſiderably extended, Iſhal 
| | ſuppoſe the hill to be indefinitely extended to the eaſt 
I and to the weſt of the point of obſervation, in order 
I 1 that the inveſtigation miß Wen Khematically t true, and 
17: et at the ſame time ſufficiently exact for the before 
N ; 2 faid limited extent alſo, It will alſo come neareſt to the 
3 practicak 


2 
* * 1 N a A _ 7 
4 
* 4 4 9 p 


4 LI Sa _ * * * * 1 N Fd * S N \ 4 * . on Dp y _ . "WM + a * 4 
CP "7 Fad 4 inge N o * ' l a; . * , 1 * * 1 * * — A 
. Fr 


= 3 = 
x <9 


Place of greatgſt Attratton, 9 
practical experiment, to ſuppoſe the hill to be a long | A 


triangular prifm, ſo that all its meridional ſections may 
bo ſimilar triangles. Let therefore the triangle apc re- 
preſent its ſection by a verti- 
cal plane paſſing through the 
meridian, or one ſide of an 
indefinitely thin cuneuswhoſe 


To edge is in PG; or rather 
8 85 l % pꝝcop the ſide of one cuneus, 
and PAG the ſide of another, their common edge 
being the line eG perpendicular to the baſe ac; being 
the required point in the ſide AB where the attrac- 
tion of the riert indefinitely thin cuneus, 
ſhall be greateſt in a direction parallel to the horizon 
ac. And then from the foregoing ſuppoſitions, it is 
evident that in whatever point of as the attraction of 
ABC is greateſt, there alſo will the attraction of the 
whole hill be the greateſtoery . 

8. Now draw.HPDEF parallel to Ac; and AH, PG, BI, 
CF, perpendicular to the ſame. Then it is evident that 
at the point p, in the direction pr, the attraction of 


PBCGP is affirmative, and that of rA negative. But 


| | PBCGP is = PBD + BDE + PFCG — EFC; and PAG = PHAG — 

PHA.. Therefore the attractions of PBD, BDE, PFCG, 
- | . PHa, are affirmative; and thoſe of Eye, PHAG, negative. 
L = 6 At; | B Put 
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10 Doctor nuTTON's Dstermination of the __ 


Put now BI a, AI , Ic c, AB = d, Bc e, AC=g= 
b+c, and PG=x, the altitude of the point p above the 
bottom. Alſo let s= the ſine of the indefinitely ſmall 


angle of the cuneus to rad. 1; and V- 2abgx +d*x*. 


Then by Art. 3, the attraction . 


PBD is J. PD. D'= 


þ | T 
of d : 


On nd Tron 


_s. 


© „ „ „% „„ 


PG * 
HA is g H. 5A = J R . 


By Art. 4, the attraction 


5 . | F DE 
erco is 5. PO x h. I. e = ax S h. I. EEE, 
of | PG ax 


: PH + PA b 4 
Loa is g. 70 x h. I. == Sx x h. 1. — T 


| 

| 

E 

By Art. 5, the attraction of Ere is 
| 

| 

; 


EF. FC PE. EF EC* + EC.PC + PE. EF 
* — ͤD—— X — — — _— 
EC? PC = YEN bh. l. PE. EF 


4 — K acg + eqqg + aax — bex 


: — — 


g. Tre. 4a — * 


— e 
Laſtly by Art. 6, the attraction of BDE is 


a l 6 . ** N. 
* 8 nn * 1 WP +, - 3 4 . wok . — ». ©. 4 FY KK. = 4 
7 of » * 
- 2 „ ae OG RA * 7 IRE 
a WY R * A erm. 2A" ———— p e 


g BD. DE Re BE* + BE. BL PE DE 
| Mt 8 == h. 1. PE. BE — PE, DE 
: de — c 
| = =--@a=xXxd=p8+E x h. l. L. 
| ee e eg —g © 
| | Theſe quantities being collected together with their 
| proper ſigns, and contracted, we have 
"IF . „ 
| — +0, —= + x x hyp. log. = e ee, 
4 * JA. * | 
| x | es Fx 
| * x h. 1. ce T g. ag + % + a # — bes J 
I T g. ce -C. a- 4 | 
| for the whole attraction in the direction PE. 
Havin 
| 9 8 


Place of greatęſi Autraction. Tx 
9. Having now obtained a general formula for the 
meaſure of the attraction in any ſort of triangle, if the 
particular values of the letters be ſubſtituted which any 
practical caſe may require, and the fluxion of this at- 
traction be put = o, the root of the refulting equation 
will be the required height from the bottom of the hill. 
Io. But for a more particular ſolution in ſimpler 
terms, let us ſuppoſe the triangle asc to be iſoſceles, in 
which caſe we ſhall have d=e, and g=26= 2c, and 


then the above general formula will become 


e 
4d | b+4.8x 


S X 


ed. L 2ab + &q_ — * — af... 
4 2 * 


for the value of the attraction in the cafe of the iſoſ- 


celes triangle, where % is = V4aa'# = 4aÞx + dx 
And the fluxion of this expreſſion being equated to o, 
the equation will give the relation between a and x for 
any values of 5 and , by a proceſs not very trouble- 
ſome. 
II. Now it is probable that the relation between a 
and x, when the attraction 1s greateſt, will vary with 
the various relations between 4 and d, or between 4 and 
a. Let us therefore find the limits of that relation, 
between which it may always be taken, by uſing two 


particular extreme caſes, the one in which the bill is 
| B 2 very 
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12 Docror avTTON's Determination of the 
very ſteep, and the other in which it is very flat, or @ 


very ſmall in reſpect of 5̊ or d. 


12. And firſt let us ſuppoſe the triangular fection to 
be equilateral; in which caſe the angle of elevation is 


60, which being a degree of ſteepneſs that can ſcarce- | 
ly ever happen, this may be accounted the firſt extreme: 


caſe. Here then we ſhall have d= 2b=3av/3, and the 


formula in Art. 1o, will become x : == + x « 


D. . . a of 


3 4 4 — 8x 


the attraction in the caſe of the equilaterat triangle, in 
which / is V= a +x*. | 
13. Or if we take x = a, where # expreſſes what 


part of à is denoted by x, the laſt formula will become 


1 


qa x : 12 -- VITA +nx hl — ; "as 


32 


1 TVI 
| 1— 7 


for the caſe of the equila- 
teral triangle. 

14. To find the maximum of the expreſſion in the 
laſt article, put its fluxion = o, and there will reſult 


142 — L 
ation 11 = * An. — 
this equ I + = I. * 


h. 1. , 


the root of which is 251999. 


Which ſhews that, in the equilateral triangle, the height | 
from the bottom to the point of greateſt attraction, is 
only 


Place f greateſt Attraction. 3 
only geh part more than + of the whole altitude of the 
triangle. And this is the limit for the ſteepeſt kind of 
bills. 
16. Let us find now the particular values of the mea- 
fure of attraction ariſing by taking certain values of 2 
varying by ſome ſmall difference, in order to diſcover 
what part of the greateſt attraction is wanting by ob- 
ſerving at different altitudes. 

16. And firſt uſing the value of x (25 1990) as found 
m the x4" article, the general formula in Art. 13, gives 
g x 1*0763700 for the meaſure of the greateſt at- 


traction. 
17. If , or x = 4; the ſame formula gives 


* 217 -V79 + 6h. I. _— + h. I. L = 


$2 x 107025 12 for the attraction at of the altitude, 
which is ſomething leſs than the other 


18. If „= i the formula gives = x 16 — 
$:* 20 


V76 +'8h.1. ET + 3h. . —.— = $A x 1 0224232 


for the attraction at £ or + of the altitude; leſs again 
than the laſt was. 
19. If n= = =; the formula gives 55a x: 3- 


Vz - ah. I. 3 / Fh. I. 3+2vV3 S x 9340963 for 
the attraction at half way up the hill; ſtill on again 


than the laſt. 
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Doctor AUTTON'S Determination 97 the 
; 20. If n=, =23; 

V'76 + 12 h. I. 2 Fo + 2h. 1. v6 S Ja x 8109843 
for the attraction at 55 or + of Ne altitude from the 
bottom; being till leſs wan the laſt was. And thus 
the quantity of attraction is continually leſs and leſs the 
higher we aſcend up the hill above the 251999 part, 


or in round numbers 252 part of the altitude. Let 
us now deſcend, by trying the numbers below 252; 
and firit, 

at. it n=eoag= 


*: 


; the ſame formula in Art. 13, 


As at + 2h. 1.7 —.— ＋ h. I. — — = 


52 x 1'0763589 for the attraction at 3 of the altitude ; 
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the formula gives 5 14 
20 


and is very little leſs than the maximum. LOW, 


22. If u = Fe =: 
vV21+2h.1. ee, ＋ 2 h. I. . . fe 9 -N 


Bs 


the formula gives 55a x : 9 —© 


+ 2h. 1. LEED = = 5a x 10684622 tor the attraction 


at -; or + of the altitude; and is ſomething leſs than 


at - of the altitude. 


23. If 2 = 7; the formula gives — x 2 19-91 + 


2 h. 1. 1 +2h. LE —.— = 5a x 9986188 for 


the attraction at of the altitude; ſtill leſs than the 
laſt was. And, laſtiy, 
24. If u = o, or the point be at the bottom of the 

hill ; 
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Plate of greateſ Attraction. x5. 


hilt; the formula gives 45a 2 +h. I. 3 44 7746531 
for the- attraction at the bottom of the hill; which is 
between ; and 2 2 of the greateſt attraction, being ſome- 
thing Freter than? but leſs than + of it. 

25. The annexed table exhibits a ſummary of the 
calculations made in the preceding 


10 8109843 a 
& | 9349963 | 5 | articles; where the firſt column 
Ts | 19224232 | 25 | ſhews at what part of the altitude 
3 
TE 


| 07795" | 73 | of the hill the obſervation is made; 


res | 10763700 | © a 
ro763589. , the ſecond column contains the 


9980188 proportional to the attraction; and 
| 774853? | the third column ſhews what part 
of the greateſt attraction 1 is loſt at each reſpective place of 
obſervation, or how much each is leſs than the greateſt. 
26. Having now ſo fully illuſtrated the caſe of the 
farſt extreme, or limit, let us ſearch what is the limit for 


p 


888 

4 
\ 2 | 10684622 1 | correſponding numbers which are 
= 

O 


the other extreme, that is, when the hill is very low or 
flat. In this caſe & is nearly equal to , and they are 
both very great in reſpect of a; conſequently the for- 
mula for the attraction in Art. 10, will become barely * 


T2. a -& „ 1.1. 


24 — X*X 24 — & 


: the fluxion 


tu 1 * * h. . 


4 — * 


of which being put = o, we obtain o h. I. — = 
2h. l. 24—X _ 2 hr: ]. — — h. 1. * 1333 


X.2a—x 9 
. therefore 2 A . 24 -, and K S IVA 
2929a. 


uk 1 72 | ö wy "8 

- A a 2 
R io” *Dodtor HUTTON's Determination, Wh "I 
. 1 1 f © 4 b 
x a 5 > 


> "39299." "Which! ſhews that the other mit is 125 1 wy 
£ n is, when the n 18 en low, the poigt of, g 2 | 
EOS: ” oft atträction is at 2 öf the altitude, like as it 18 at! TIED. | 
* when the Hill i 18 very ſteep. And between theſe limits it,” | 9 x 


18 alway ound, it being nearer to the one or the other 1 by 
| of them, as the hill is fatter « or. ſteeper, 2 by" 1 5 5 
5 27. Thus then we find that at of the 0 ny 3 
| very little more, is the beſt place for obſeryation, to have. PSs ; 
the greateſt attra action from a hill in the form of a tri. 5 1 2 ; 
; angular priſm of an indefinite length. But When D 
| length is limited, the point of greateſt. attraction will . 
» deſcend a little lower; and the ſhorter the hilt is, the a 12 8 
lower will that point deſcend. For the ſame reaſon, a I 2 
A 6 8 hills e their place of  greateſt.a attractioß EN. i, | 
2 2 Wo . red - Aittte below.” Jad aboye detei anined.” y "Bur it the axe; "ge 
= PEER. AE a conſiderable ſpace flat at the top, after the manner _ ou =, 
4 : ; BY 1 8. 1 7 a fruſtum, then the ſaid. point will be a little Wales 5 : 
A 5s - 7 n than as above found. Co mmonly, how ever, £ of the == 
b 3 - >» . altitude may be uſed for the beſt place of obſervationgas® 8 IF | 
 _— A the point of greateſt attraction will ſeldom differ ſenſibly 25 Ro 
* 55 *, : „ from that place. And when uncommon cireumftances 9 A 
V may produce a difference too great to be intirely n 1 
[+ 5 5 * 3 _ ed, the obſerver muft exerc iſe his judgment! in gueſſing ; - Ee 
2. Lo. at the neceiliry change he ought. to make 1 in the placs es 1 
Ke 3 G « - 0 obſervation, ſo as to obtain the beſt effect Which he | = 
„ ; £5 concomitant cire: umſtances wall adinit of, 6h 
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